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Answers to Homework 2

1. Suppose that the production function is the following:

Y, = F(K, N) = KtaNtl_a +v(K; + cNp)

It is assumed thaty,c >0and 0 < a < 1.

a.

Assume the price of the good is one. Show the profit of a firm with the above
production function equals zero.

Answer:
The profit function is given by I1(K;, N;) = Y; — w:N; — R:K;. The First Order
Conditions with respect to N, and K, are;

we = Fy(K, Ng) = (1 — a)KEN* +ye
Ry = Fx(Ky, Ny) = aKta_thl_a +y

By plugging above conditions into the profit function, one can get
(K, Ny) = KENF Y+ y(Ky + cNy) — (1 — a + )KENF ™ — yeN, — YK, = 0
The profit of a firm is zero for any nonnegative values of K; and N.

What are the degrees of homogeneity for the first partial derivatives of output with
respect to K; and N, (Fx(K;, N;) and Fy (K, N;))?

Answer:
Partial derivatives of output with respect to N; and K; are;

Fy(Ke, Ne) = (1 — a)KENTE + yc
Fi (K, Np) = “Kta_thl_a +y

Forany x > 0,
Fy(xKy, xNp) = (1 — a)(xK)*(xN) ™% + yc
=x7(1 = a)(K)*(N) ™% + yc = Fy(K¢, Ny)

Similarly,
Fi(xK,,xN,) = a(xK)* *(xN,)1=% + Byc
— xa—1+1—aa(Kt)0-’—1(Nt)1_“ +vyc = FK(Kt; Nt)



Both partial derivatives are homogeneous degree 0.

c. What is the sign (positive, negative or zero) of the cross partial derivative of output
with respect to K; and N; (Fxy (K;, N¢))?

Answer:
Fyn(Ke, Np) = a(1 — a)KFIN7“

The cross partial derivatives are positive given any 0 < a < 1 and positive
inputs.

d. Take the first partial derivative of the output per worker (Y;/N;) with respect to
capital per worker (K, /N;). What value does the derivative converge to as K;/N; —
0?

Answer:
Yt K\ % K¢ . A . .
—= = (—) + y(N—t + ¢). Then the partial derivative with respect to capital output

N¢ N¢
ratio is

o(Y,/N)  (K\**
a(Kt/Na‘“(E) Ty

Given 0 < a < 1, a(K,/N,)*~* converges to 0 as K, /N, goes to infinity. So

0(Y¢/Ny)

sy V8 Ke/Ne = <.

2. Suppose that the production function is the following:

v
v—1 v—-17y—1

Y, = AF(K, N) =Al|aK,” +(1—a)N,”

Itisassumedthatv > 0and 0 < a < 1.
a. Prove that this production function features constant returns to scale.

Answer:



For any x > 0,
v
v=11y=1

AF(xK,, xN,) = A [a(th)v%l +(1- a)(th)Tl]
= AT e +a -0 (zv>—}]_

v
v-1 v

=x v V14 [{tx(l’(t)vv;1 +(1- oc)(zvt)vi—l}]m

The last term equals xAF (K;, N;). The production function is homogeneous
degree 1, therefore features constant returns to scale.

. What are signs (positive, negative or zero) of the first partial derivatives of output
with respect to K, and N, (AFx(K;, N;) and AFy (K, N;))?

Answer:
v
vl volp-1t ov-1
AF (K, Ny) = Aa |aK,” + (1 - a)N," l K,”
i 1
vt v_1v=1 _1
= Aa |aK," +(1—a)Nt"l KV
i 1
1y vt v=1 =1
=Aa|K,"” {aK,V + (1 —a)N," l
i 1
1=v]v-1
—Aala+(1 )(Kt> Y
= AQ |X a Nt

So AFx(K;, N;) > 0 forany v 2 0,0 < a < 1 and positive inputs.
1

v—-1

Similarly, AFy(K;, N;) = A(1 — @) la (%) Y+ (- a)l and this is also
t

positive.

What are signs (positive, negative or zero) of own second partial derivatives of
output with respect to K; and N; (AFxg (K;, N;) and AFyy (K, N¢))?

Answer:
1
) e
AFer (Ko N,) = Aa(l1—a) L a )(Kt) v (Kt> v 1
KK\ ) = v * AV N, N,



1-v v-1_ 1-v

Aa(1—a)| (NN TV AN
TS S N a0l YU\ N L
wv (K¢, Ne) " a K, + a K, Kt
The above terms are both negative for given conditions on the parameters and
positive inputs.

Express the capital per worker as a function of factor price ratio (w;/R;).

Answer:
The First Order Conditions with respect to N, and K, are;

YV 1

v-1 v-1ly—1 v_—l_l
Wt - AFN(Kt'Nt) —A(l—(l) (XK V +(1—CZ)N v l Ntv
v-1 vo1er v
R, = AFx(K., N,) = Aa laKt" + (1 —a)N," l K,V

Then the factor price ratio is

1
Wt _ 1 —a (Kt)v
R, a \N,
The capital per worker expressed as a function of the factor price ratio is
K. { a Wt}v
N, 1-aR,

Under what conditions on the parameters is the labor share of output (w;N,/Y;) is
increasing or decreasing with the factor price ratio?

Answer:
v
v-11y—1 1 v-1
A(l — KV + (1 - NV NV
wet, A€ a)[ (1-a) ] :
Y; v—1 1L1
AlKV +(1—a)N l
v-1
(1—-a)N.V 1—«a
v—1 v—1 v—1

T HA-ONT o(8)7 41



We already know the capital per worker is a function of the factor price ratio from
part d. Using the result, one can get

weNy 1—«a 1

"ot e () ()

Partial derivative of labor share with respect to factor price ratio is

(%) _a-(te) ()
R () G )

If v > 1, the above term is negative; labor share is decreasing with factor price
ratio. If v < 1, the above term is positive; labor share is increasing with factor price
ratio.




