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The model of an optimizing household forms the basis for
macroeconomic models of consumption and saving.

Dynamic

Two-period: Why?
Representative household
Periods tand t +1.

Household chooses C,, S, C..,, S.., givenY,, Y, ., r

t+1? tr T+l Tt

Exogenous vs. endogenous




Household’s budget constraints:

Cor + Spar €Y + (1 +14) 5
Thes latter can be written as:
Cro1 + Ste1 =S¢ < Year + 105

(“saving” and “savings”)

Under optimality, we will have S, =0 and budget constraint
will hold with equality.




We have then:

C_Tt + Jgt :};
Cri1 =Ye + (1 +7¢) S

Solve out for S, and rearrange to get a single constraint:

(-'t+1 -V + }ft+1

Ch + - d + -
L+ 1+

“present value” and ““current value”




Households maximize
U=u(Cy)+ Pu(Ciy), 0<p<1
Marginal utility Is positive, always:
u'(-) >0
Diminishing marginal utility:

u"(Cy) <0




Some example utility functions:

w(C) = 0C, 650

w(Ch) = Cy - gcf. 650

u(Cy) = InC,

e P A SR S

| l-0c 1-0

The first one is not concave (the second derivative Is zero.)

The quadratic utility has the problem that the first derivative turns
negative after a certain point.




w(Cr)

U-;{: Ce)

Figure 9.1: Utility and Marginal Utility
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The household’s problem:

max U =u(Cy)+ fu(Chy)
Ct,Cis1

subject to:

(-'t+1 -V, + }t+1

Ci + - ¢+ - .
J_ + Tt J_ + ?}_

We could use a Lagrangian to set up this problem. Instead, we will
substitute out for C,_,. That is, we will solve for C,_, from the

constraint:

t+1° t+1

C'Tt+1 = (l + ?f)(}:’t - C'\rt) + };+1




Then substitute this solution into the utility function to get an
unconstrained maximization problem:

max U=u(Cy)+fu((1+7)(Y;=Cy)+ YY)

The first-order condition is:

oU
oc,

- u'(Ct)_(1+ rt):Bu’((l‘i' rt)(Yt _Ct)+Yt+1) =0

But since C,,, =(1+r1,)(Y, —C,)+Y,,, We can write

t+1?

W(C,)~(1+1,) Au'(C,,) =0




It IS intuitive to write this as:
u'(Cy) = B(1 +7r)u'(Ciiy)

This is called the Euler equation.

We could write this as the marginal rate of substitution equals the
relative price (of consumption at time t relative to consumption at time

t+1:

u'(Ch)
Bu'(Ciyq)

=1+ Tt.
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Example: u(C)=1In(C):

I 1

a— j(l—l_?t)ct_'_l
or

Ch. _

étl :S(]_-l-?t)
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Example: u(C)= L e

l-o0

C77=03(1+1r)CG

We get In this case, approximately, if we use

In(1+r¢)=ry

that

_ 1. 1
InCi-InCy=—Ing+—r
o o
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How consumption changes with income and interest rates

We will do this algebraically first, then graphically.

We had the first-order condition:

u'(C,)—(1+1) AU ((1+1)(Y, —C,)+Y,,) =0

Take the derivatives. First, holding r. and Y, , constant, find

t

" 8C " aC "
u (Ct)avt +(1+1) pu (Ct+1)a—Yt—(1+rt)2,Bu (C..t)=0.

t t

2 14
Solve to fing: G (1+%) Au’(Cey)

oY, u"(C)+(1+r) pu"(C,,)

oC,
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We see an increase in current income will increase

consumption. But notice that 0

t
Increases, current consumption rises, but so does saving.

Suppose we learn at time t that Y,
Y, constant.

will change. Now hold r, and

t+1

We find: u”(C,)- 22t 1 (1+1,)? u’ m)gct _(L+£)u"(C,,)=0.

t+1 t+1

This gives us e _ (14 6)u"(Cus) >0

aYt+1 U”(Ct)+(1+rt)2 ﬂu”(ctﬂ)

The household can borrow at time tif Y

t+1

rises enough.




Finally, holding income in both periods constant, what happens
If the interest rate changes?

) oC,
+(1+r) pu”"(C,..)—* o

_ﬂu’(ctﬂ)_(l_'_ rt):B(Yt _Ct)u”(CHl) =0

U”(Ct ) aCt

or,

Solving this, we find

aCt _ ﬂu,(Ct+1)+(1+ rt)ﬂ(Yt _Ct)u”(ctﬂ)
or, u"(C)+(1+15) pu'(C.,)

The effect on consumption is ambiguous. We can divide this derivative
Into parts the book calls the substitution effect and the income effect:
Substitution effect:
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a_Ct _ IBU’ (Ct+l) < O
" 2 14
! Substitution u (Ct ) + (1+ rt ) IBU (Ct+l)

[
Income effect:

oG

r
t [Income

which is > 0 if household is a saver at time t,so Y, —C, >0
but < 0 if household is a borrower at time t, so Y, —C, <0

We will assume overall the substitution effect dominates.
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Graphical Analysis: Indifference Curves and Budget Lines
Equation of budget line: C,, =(1+1,)(Y,—C, )+ Y.,

Ces1 A

(14 )Y + Yeuq

Infeasible

YI +1

. £&—— Slope: —(1+1;)
Feasible

Y Yisa
: 14+ Tt
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Indifference curves are combinations of current and future
consumption that hold utility at a constant level:

Uy =u(Coy) + Su(Coer)

Differentiate:

dIT = HI(C:’DJ){{C_} + .‘—3 HI(C:’DJ_Fl ){i(._-rt+1.

Since indifference curve holds utility constant, set dU =0, and rearrange

to get the equation for the slope of the indifference curve:

iCra_ w(Co)
dC, Bu'(Coga1)

18




CE‘+1

Il:'IEI..‘L‘+1

Slope: i
u'(Cor) | U=1U,
Bu’ (Coe41) |
§ U=U,
>
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Figure 9.4: An Optimal Consumption Bundle
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Figure 9.5: Increase in Y;
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Figure 9.6: Increase in Y;,,
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Figure 9.7: Increase in r; and Pivot of the Budget Line
Cevs A
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(14 re)Ye + Yoy
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Figure 9.8: Increase in r;: Initially a Borrower
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Figure 9.9: Increase in r;: Initially a Saver
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Table 9.1: Income and Substitution Effects ot Higher 7,

Substitution Effect Income Effect Total Effect

Y
Borrower - _ _
Saver - — ?
C t+1
Borrower — - ?
Saver + + +

Assume the substitution effect dominates so

C_Tt = thd(}/;: }E-i—l: 'rt)
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Example: u(C)=1In(C)

(), = 1 [ oy i’:+1 ]
A 1+p Tty

oC, 1
Y, 1+3
ac, 11
i 1+B1+71
0C} 41 _
- _ 1 Ty 2
0‘?} 1+ ( rt)
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Permanent Income Changes

Suppose that when Y, rises, we know also that v, will increase
the same amount. The income increase Is permanent.

dC, _aC, , &Cy,  OC,
dy, oY, oY, oY,

The effect of a permanent change in income is greater than the
effect of a transitory change.

Similarly, a permanent cut in taxes has a larger effect on
consumption than a transitory change, according to the model.
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Taxes

Assume “lump-sum” taxes, which work just like a decrease in
the household’s income:

Ci+5: <Y, =1y

Cro1 + St S Vo1 — Lo + (1 +74) S

(_.—:.rt n _C’t+1 _ }; _ E n T}thr_l - jﬂf+1
1+ 1+

Does the empirical evidence support the claim that a transitory
tax cut has a smaller effect on consumption than a permanent tax
cut?
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